We discuss the possible cooling of different phonon modes via three wave mixing interactions of vibrational and optical modes. Since phonon modes exhibit a variety of dispersion relations or frequency spectra with diverse spatial structures, depending on the shape and size of the sample, we formulate our theory in terms of relevant spatial mode functions for the interacting fields in any given geometry. We discuss the possibility of Dicke like collective effects in phonon cooling and present explicit results for simultaneous cooling of two phonon modes via the anti-Stokes up conversions. We show that the bimodal cooling should be observable experimentally.
I. INTRODUCTION
The cooling of nano mechanical mirrors by the process of optical up-conversion has become a standard technique [1] [2] [3] . However the same technique does not quite work for cooling of Brilliouin acoustic modes [4] in a bulk material medium. In this case, one has to satisfy constraints arising from the phase matching conditions and at the same time avoid the generation of Stokes radiation. In the simplest case it is known that the Stokes process dominates [5, 6] . The latter becomes critical because a thermal distribution of phonons would give rise to the generation of both Stokes (down conversion) and anti-Stokes (up conversion) fields. The dominant Stokes process would lead to heating. Bahl et. al. [4] solved this problem by using a sophisticated resonator so that the incident pump and generated anti-Stokes fields were resonant with two different resonator modes, but the generated Stokes field was nonresonant. In addition, they found a suitable Brilliouin mode in the spherical resonator geometry, so that the relevant phase matching condition was satisfied. More generally phonons are known to have many different types of dispersion relations [7, 8] which in turn determine the phase matching conditions and therefore one has to examine the cooling of phonon modes under more general conditions. It is also very interesting to study the cooling of two or even several different phonon modes simultaneously, via anti-Stokes upconversion. This is very relevant in the context of applications in quantum information science when phonons are used as carriers of quantum information. In the light of this, in this paper we develop a more general framework for possible cooling of general phonon modes.
As mentioned above, our main aim here is to present a general theory of laser cooling of low frequency phonon modes in matter, via the anti-Stokes up-conversion process of the inelastic light scattering. Although, our formulation will begin with an overview of the known case of laser cooling of a single longitudinal acoustic phonon mode via the anti-Stokes Brillouin scattering process, it will go on to develop a general theory of cooling of low frequency phonon modes of arbitrary polarization, whether these are acoustic or optical phonons, and whether these are modes in an extended bulk matter or in a confined geometry. In fact, the formulation has been kept general enough to be applicable not only to phonons but to any type of low frequency collective excitation modes in matter which can give rise to inelastic light scattering (Raman scattering) via the modulation of the linear optical dielectric function. The cooling via the three -wave anti-Stokes up -conversion is possible in principle for any such mode , provided that it has a sufficiently long life time compared to the resonant cavity anti-Stokes optical mode, and the corresponding Raman tensor coupling of the mode is not too weak. We will also consider the possibility of cooling more than one phonon mode simultaneously via the three-wave up-conversion process, which has not been considered earlier even for the case of longitudinal acoustic phonons [4, 9] .
The organization of the paper is as follows-In Sec II we introduce the basic features of the phonon photon interaction, relevant to anti-Stokes generation. We derive the basic equations for the coupled phonon and electromagnetic fields. In Sec III we derive the equations for phonon and photon fields in terms of the relevant resonator modes. The nature of the phonon dispersion or its frequency spectrum, and its relevance for phonon-photon interaction are discussed in Sec IV. In Sec V we describe quantum Langevin equations and show how the single mode cooling emerges [9] . In Sec VI we discuss collective effects in simultaneous cooling of two modes. The numerical results for the simultaneous cooling of two modes are given in Sec VII, with a discussion of these results.
II. BASIC EQUATIONS FOR INTERACTION OF ELECTROMAGNETIC FIELDS WITH VIBRATIONAL FIELDS
In this section, we present, for completeness, a first principle derivation of the basic equations for the Stokes and anti-Stokes scattering from vibrational modes. This basic description would enable us to formulate the problem of more general three wave interactions in a resonator. For simplicity, let us first consider the case of longitudinal acoustic waves in matter, which give rise to the Brillouin scattering. The long wavelength longitudinal acoustic waves can be described either in terms of density fluctuations ∆ρ(r, t) or the displacement field u(r, t), which are related by ∆ρ(r, t)
where ∆ρ, ρ 0 are, say, mass densities, and ρ 0 is the mean mass density of the medium. In terms of the displacement field u(r, t), the unperturbed Hamiltonian of the acoustic field is given by
where v S is the sound velocity. Also, for longitudinal sound wave, ρ 0 v 2 S = B, which is the inverse of the compressibility c S . The equation (2) leads to the wave equation for sound waves
where f ext is external force if any. Because of the sound wave, the electromagnetic polarization of the medium is modulated by the density wave. The change ∆P in polarization can be written in terms of the dielectric function as
where
is the so called electrostrictive constant. For simplicity we consider an isotropic medium. The interaction density (interaction between the sound wave and optical fields) is thus given by [10] :
so that the interaction Hamiltonian H int = H int (r)d 3 r. In view of the volume integration, Eq. (7) also be written as
From Eq. (8) we can obtain the force f α acting on the vibrational mode which would be −∂H/∂u α , i.e.
The quantity − γe 8π E 2 can be identified as the pressure due to electromagnetic waves. Using (9) the wave equation for u become
where we have also introduced the damping parameter Γ ′ for sound waves. The electromagnetic field E satisfies wave equation
where ǫ is the linear dielectric function of the medium. In writing the above equation, it has to be noted that we have ignored the linear dispersion of the dielectric function (which leads to the corresponding group velocity instead of the phase velocity) and the linear absorption of optical fields. Later we will however add the linear absorption term as a phenomenological parameter. Using Eq. (5), Eq. (11) reduces to
The analysis given above can be generalized to any type of vibrational mode in an arbitrary medium, whether it is an acoustic or optical phonon mode, a longitudinal or transverse mode in a bulk material, or whether it is a mode in a confined geometry. We can expand ǫ as a Taylor series in the relevant phonon displacement field Q(r, t) whence
where R ijk is the generalized Raman tensor for the mode Q. If more than one phonon mode is involved, then Eq. (13) is to be summed over contributions from all the phonon modes. The interaction Hamiltonian density now becomes
It should be emphasized here that we have introduced a new variable Q for the phonon displacement field for a general phonon mode in matter, instead of the variable u used for the low frequency longitudinal acoustic displacement field, on purpose. Both have the same dimensions of length. But, whereas u is related to the density fluctuation via Eq. (1), and ∇ · u = 0 for transverse modes, Q represents the displacement field for any phonon mode, whether it is transverse or longitudinal, or whether it is an acoustic mode or an optical mode. In fact, in the plane-wave representation for the case of bulk matter, for a mode with wave vector q and a given general dispersion relation Ω (q), the displacement field Q satisfies the equation,
, with its velocity v = ∂Ω/∂q. For the low frequency longitudinal acoustic mode, Q will be the same as u, with Ω (q) = v S q. Also, it should be noted that the dimensions of the generalized Raman tensor R ijk differ from the dimensions of γ e of Eq. (6) by a factor of (1/length).
In terms of unit polarization vectors,ê
for the three interacting modes, namely, the two optical modes and one phonon mode, respectively, relevant to the process being considered, one can also define a scalar effective Raman coupling constant for a bulk material, separately for the Stokes and the anti-Stokes interaction. For example, if 2 labels the anti-Stokes optical mode, for the anti-Stokes process one has the effective bulk coupling constant
For the special case of the long wavelength bulk longitudinal acoustic mode of wave vector q, frequency ω m and velocity v S , described by Eqs. (10) and (11), one has
which follows on comparing Eqs. (14) and (15) with Eq. (8).
III. INTERACTION BETWEEN ELECTROMAGNETIC FIELDS AND PHONONS IN A RESONATOR
The coupled equations (10) and (12) are general enough to describe a variety of situations. Since we are interested here in cooling issues, we consider the case involving modes in resonators. We also specialize to the case of the anti-Stokes scattering. Let the electromagnetic field E consist of waves E 1 and E 2 at the frequency ω 1 (called pump), and ω 2 (anti-Stokes field). The frequencies ω 1 and ω 2 would be in the neighborhood of the resonator frequencies ω c1 and ω c2 . Each resonator frequency would have certain line width. It is assumed that ω i − ω ci is within the line width of the mode. We can then write the field as
In our formulation, we will use the familiar slowly varying amplitude approximation (SVAA) for finding the temporal variation of the field amplitudes E i (t). Here φ i (with ∇ · φ i = 0) is the spatial mode function for the electromagnetic mode in the resonator at the frequency ω ci such that
The amplitude E i (t) is a slowly varying function of t. We use
which on using ω
Note that we have kept only the terms which are up to the first order in the time derivative or in the frequency difference ∆ i . We next write the phonon mode as
where, the mode function ψ(r) has the dimensions of the displacement field itself and u(t) is the dimensionless amplitude of the mode. Note that phonons are interacting with a thermal bath, and depending on the strength of this interaction, the frequency spectrum of the amplitudes u(t) for the given mode of frequency ω m will represent the line width around the frequency ω m . When such phonons interact with the external optical fields via the three-wave interaction, this spectrum would be modified further. For longitudinal phonons curl ψ(r) = 0. Using the slowly varying amplitude approximation for the phonon mode amplitude also, the procedure that led to Eq. (18) now leads to
Next we need to work out the interaction terms. Since we are considering the anti-Stokes process,
This relation has to be satisfied within the line widths of all three modes ω c1 , ω c2 and ω m and hence all subsequent statements are to be understood within linewidths. Clearly a term like E * 1 E 2 on the right hand side of Eq.(10) will lead to the mode u. Then the righthand side of Eq. (10) is to be approximated by
Similarly for deriving equation, say, for E 2 from Eq. (12), the right hand side is to be approximated by
On combining Eqs. (18)- (22) and carrying out all the simplifications, we get final equations for E 1 , E 2 and u:
Here χ 2 is the effective three mode coupling which depends on the overlap of all the modes. The integral in Eq. (27) is the traditional phase matching integral if plane waves are used for all the three modes in a bulk material. In writing Eqs. (23)- (27), we have added linewidth terms for all the modes. Note that γ e (∇ · u) is dimensionless and χ 2 is dimensionless, the term E 2 has dimensions of energy and
has dimensions of energy density, keeping in view that u and ∇ · ψ are dimensionless. The term ρ 0 in Eq. (25) can be eliminated by using the kinetic energy term
We can also introduce a dimensionless quantity 2π
In terms of the dimensionless quantities a 1 , a 2 and u, the final equations are
where the coupling constant β is now given by
(32) For a more general phonon mode described by the interaction density in Eq. (14), one can follow a similar procedure as detailed above for the longitudinal acoustic mode. Using the same symbols as in the equation (19), one can describe the general vibrational mode by its displacement field
where u (t) is again the slowly varying dimensionless amplitude of the phonon mode and ψ (r) is the corresponding mode function. Instead of introducing too many additional symbols, note that we are using the same symbols for mode functions and their amplitudes even for the general phonon mode. It requires a few words of caution. It should always be remembered that now ∇ × ψ is not necessarily zero because it may not be representing a longitudinal phonon mode. In such a case, one can show that we obtain the same set of final working equations (29) -(31), except that instead of the expression (32), the anti-Stokes coupling constant is now defined by
(34) It has to be noted that the resonator is being driven by a pump field of frequency ω 1 . Thus Eq.(29) is to be modified by adding the effect of the external field. We change κ 1 a 1 term:
HereẼ 1 is dimensionless and is determined by the resonator boundary conditions. The phonon mode is driven by thermal fluctuations, thus Eq. (31) is to be modified by converting it into a Langevin equation (see Eq. (43)). The Eq. (30) is also converted to Langevin equation by adding terms corresponding to the input vacuum field. It is quite interesting to note that the basic equations (29) -(31) are quite generic in nature as these are applicable to a variety of situations. The details of a specific system enter through the coupling constant β and the damping parameter Γ ′ s and κ ′ s . The coupling constant Eq. (32) depends on the mode under consideration. We also note that in deriving equations (29) -(31) we have ignored the Stokes processes which are expected to be unimportant as we assume that there is no mode resonant with the Stokes frequency.
We also note that the coherent terms (i.e. terms without damping) in (29) -(31) can be obtained from the following effective Hamiltonian
It should be borne in mind that the time dependence like e −iω2t and e −iωmt were separated out from a 2 and b (Eq. (17) and Eq. (19)). If we work in a picture where such time dependences are kept, then instead of Eq. (37), we will have
It is important to keep track of the fast time dependences. Having derived Eq. (38) from first principles, we will use it's form to write the corresponding Hamiltonian for the case of two phonon modes.
IV. PHONON DISPERSION RELATIONS , CAVITY MODES AND DAMPING PARAMETERS
Let us first consider the general problem of cooling phonon modes in a bulk material, which are characterized by the dispersion relation Ω (q), where q is the wave vector in a bulk material. Here the mode functions are plane waves. The phonon field is proportional to exp {iq · r − iΩ (q) t}. We could have transverse phonons as in the case of Raman active optical phonons in solids, or longitudinal acoustic phonons as, say, in the case of Brillouin scattering. As already discussed earlier, the physical mechanism for cooling is the upconversion (antiStokes process) of light of frequency ω 1 and wave vector k 1 . The upconversion is subject to the energy momentum conservation
In the upconversion process a thermal phonon of frequency Ω (q) is quickly removed. Further in order for the upconversion to be effective, we have to make sure that the process of downconversion (Stokes process) is avoided
This is where the use of resonators and cavities becomes important. The form of the dispersion relation or the frequency spectrum of the phonon modes is also important. Several interesting forms of dispersion relations in simple geometries can be noted:
Bulk longitudinal sound waves -Brillouin mode:
Ω (q) = v s q, where v s is the velocity of sound waves;
2. Bulk Raman active optical modes:
3. Modes in confined geometries: it is well known that if the sample is confined to a length d in any given direction, phonon modes propagating in that direction are discrete with spacing proportional to π/d. If the sample is confined in two of its dimensions, as in the case of phonons in an optical fiber, for a given discrete phonon mode in the transverse direction, the phonon frequency Ω (q) in the propagating direction is given by Ω 2 (q) ≈ Ω 2 0 + αq 2 , where Ω 0 for different discrete modes in the transverse direction is determined by the corresponding zero of the Bessel functions and thus it is inversely proportional to the radius of the fiber. In cases when Ω 0 = 0, the q dependence of the frequency is not very significant and then the condition for momentum conservation in the direction of propagation is of a minor consequence. In a spherical resonator, which is confined in all the three directions, modes (both radial and azimuthal) are discrete.
One can arrange the resonator structure such that the upconversion process is resonant with the cavity mode whereas the downconversion process is non-resonant. Further one can choose the resonant cavity mode at ω 2 to have large damping κ 2 so that the generated antiStokes field is quickly removed from the cavity. We assume that the width Γ m of the phonon mode is much smaller than the width of the cavity mode at the generated anti-Stokes frequency. We also assume that the pump laser at ω 1 is monochromatic and that the line width of the corresponding resonator mode at ω 1 is much smaller than κ 2 . The situation is shown in the Fig.1 The anti-Stokes phonon could be exactly at the line center of the resonator mode at ω 2 . It depends on the energy conservation condition. The Figure 1 also implies that more than one phonon mode (see for example, the dotted curve) can be cooled simultaneously as long as these lie well within the width 2κ 2 of the generated anti-Stokes field; in other words if Ω 1 and Ω 2 are the center frequencies of two nearby sharp phonon modes, one should have |Ω 1 − Ω 2 | < 2κ 2 . We consider this in detail in the next section.
V. THEORETICAL DESCRIPTION OF BIMODAL COOLING
Let us then first consider the case of two phonons modes in a resonator, one with frequency Ω 1 and the other with frequency Ω 2 . Let the pump laser be at the frequency ω 1 . Then as required by the Fig.1 , we assume that ω 1 + Ω i (i = 1, 2) lie within the cavity line width κ 2 where the cavity is centered at the frequency ω c . Under the assumption that the pump field remains un-depleted, the Hamiltonian for a system of two phonon modes b 1 , b 2 and the cavity mode a 2 can be written as
where we have replaced cavity mode a 1 by E 1 . The mode operators a 2 , b 1 and b 2 satisfy Bosonic commutation relations. We assume that the cavity field is built up from the interaction of the pump field with thermal phonons. Let Ω 0 be Ω1+Ω2 2
and Ω = Ω1−Ω2 2
, then we work in a picture obtained by making unitary transformation with
to obtain an effective Hamiltonian
This is our working Hamiltonian which we use to obtain Heisenberg equations for a 2 , b i . We now need to introduce the dissipative terms which account for the leakage of phonons for the resonator and dissipation of the phonon modes and their then temperature. It is best then to write the quantum Langevin equations for the Heisenberg operators a 2 and b i :
Here Γ i denotes the half width of the phonon mode i, 2κ 2 denotes the line width of the cavity mode. Let us note here that the above set of equations are very generic, which can describe the coupling of any twomode system to a single optical field. In this sense, the resulting physics here in our case should be similar to the studies for other systems [12] [13] [14] [15] involving these equations, including systems of oscillating membranes and trapped atoms.
In what follows, we would work in the limit Γ i ≪ κ 2 ; Ω i ≫ κ 2 . The force term f j (t) are the quantum Langevin forces. These are Gaussian forces with zero mean and with quantum correlations given by
A detailed derivation of the correlation functions in Eq. (44) can be found in books on quantum optics [11] .
We first analyze the well known case [9] of the cooling of a single mode in the limit of large κ 2 . We can then make the adiabatic approximation and write
and then
i.e.
Thus the life time of the phonon mode goes down as Γ 1eff increases. The increase of Γ 1eff is subject to the assumption Γ 1eff < κ 2 . The increase of Γ leads to the cooling of the phonon mode, as the strength of the fluctuation f b1 is still determined by Equations in (44), i.e. by the damping parameter Γ 1 . Note further that the fluctuation f a2 associated with the field mode does not contribute to the normally ordered moments as f † a2 (t) f a2 (t ′ ) = 0, which is the case as long as ω/k B T ≫ 1.
VI. MODE-MODE COUPLING AND THE COLLECTIVE BEHAVIOR OF THE PHONON MODES
We will now show that the adiabatic elimination of the cavity field results in mode-mode coupling. The resulting Langevin equations for phonon modes are given by
The mode-mode coupling can be thought of as the process phonon 1 + pump field → anti-Stokes field → phonon 2 + pump field It should be borne in mind that in the picture we work, all frequencies are matched due to Eq.(40). The actual generation of b 2 depends on the frequency mismatch factors Ω and δ as the solution of equations in (48) will obviously show.
Let us now consider the possibility of the collective behavior of the phonon modes. Let there be two identical phonon modes. This would be the case for two identical nano-mirrors placed at different nodes of an optical cavity (Similar to the situation of ref. [12] ); We can then set Ω = 0. We drop Γ i assuming that the coupling field strength is such that Γ eff ∼ |G1| 2 κ2 κ 2 2 +δ 2 . Then equations in (48) reduce to
The two noise sources would also be identical. Further under the simplifying assumption
Under the conditions Γ 1 = Γ 2 , Ω = 0 used in deriving Eq. (50), f − does not lead to nonvanishing contribution. Thus the collective mode b − is sub-radiant whereas the mode b + is super-radiant. The collective mode b + has a decay rate which is twice than what it would be in the absence of any collective effects. Under these very special conditions there is enhanced cooling of only the collective mode b + where b − mode is unaffected. The collective effects are known in other contexts, for example in the cooling of two trapped ions [13] and in electro mechanical oscillators [12] . The collective modes in an ensemble of mechanical resonators trapped atoms in a Fabry-Perot resonator have been studied [14, 15] .
VII. SPECTRUM OF THE GENERATED ANTI-STOKES FIELD AND COOLING OF THE PHONON MODES
The spectrum of phonon fluctuations can be obtained by solving the quantum Langevin equations (43). Defining Fourier transformations via
so that
The 
as a function of ω/κ2 for Langevin forces we find the final results for the spectra of the two phonon modes
where 
of the b mode. The pink graph is for G1 = 0,
phonon mode [4] . Although the coupling of the three modes makes d (ω) cubic function of ω, the spectrum in the vicinity of ω = Ω (ω = −Ω) exhibits a single resonance for δ = 0, Γ ≪ κ. The Figs. 2 and 3 show the cooling of both modes. The mode-mode coupling leads to heating, however overall both modes get cooled. The ratio R gives the ratio of b † (t) b (t) in presence of the coupling to it's value in the absence of coupling i.e. R for example in Fig. 2 is
It should be emphasized that the cooling parameter R introduced here should not be confused with the effective bulk Raman coupling constant R (Q) introduced in Eq. (15). For Fig.2 for the values of G 1 and G 2 used, R = 0.110 if G 2 = 0; R = 0.288 if G 2 = 0. The parameters G 1 and G 2 [Eq. (42)] depend on the phase matching parameter β and the power of the Stokes field. Clearly if we increase the power of the Stokes laser i.e. if we increase G , then R goes down. We note that the parameter R also gives the ratio of the temperature of the cooled phonon mode to its initial temperature. This is because the factor e ω/kBT − 1
For phonon frequency, say in the range, 100MHz [4] , the parameter kBT ω ≪ 1 even at a temperature like 1K. The spectrum of the generated anti-Stokes field is given by 
anti-Stokes in the lowest order of the coupling G 1 and G 2 . Note that the spectrum of the generated antiStokes radiation has signatures of the phonon spectrum. The spectrum of the generated radiation can be studied by examining the output field at frequency ω 2 . Note that the anti-Stokes photons leak out of the cavity and the phonon modes are constantly interacting with the thermal bath, the conservation of photon and phonon numbers in the cavity does not hold.
If we use the actual numerical parameters of the experiment on the single-mode cooling of the acoustic phonon modes done by Bahl et al. [4] , we can also examine the possibility of bimodal phonon cooling in such a system. In their experiment, κ 2 was of the order of 5MHz, and they had observed cooling of the surface acoustic phonon mode of frequency 95MHz, with their intrinsic line width of the order of only 8kHz at the ambient temperature of 294K. Thus, if one can find another similar phonon mode in the system with its frequency within a few MHz away from the 95MHz mode, say in the range of 90 to 100MHz, which also has an appreciable coupling β, defined by Eq.
(32), we should be able to observe simultaneous cooling of two such modes in the same experimental system. Otherwise, one has to search for another appropriate phonon system to observe this effect. Note that in the experimental system discussed above, if there are more than two phonon modes near the 95MHz mode within 2κ 2 range, each one with appreciable coupling, all those modes are expected to be cooled simultaneously.
In conclusion, we have presented a general theory of cooling of phonon modes via their interactions with suitable optical fields. The theory is formulated in terms of the spatial mode functions for the relevant interacting modes, in any given geometry, allowing it to be applicable to a variety of systems with diverse phonon dispersion relations and frequency spectra. In particular, we show the cooling of two phonon modes at the same time if the line width of each of the phonon modes is very small compared to the decay rate 2κ 2 of the resonant anti-Stokes cavity mode and their frequency difference is smaller than the line width 2κ 2 . In any experimental set-up similar to that used by Bahl et al. [4] , if one can find two nearby sharp phonon modes satisfying the above conditions , one should be able to observe the bimodal cooling described in this paper. We also find in this paper the possibility of collectively enhanced cooling of phonon modes under suitable conditions. However, further studies are needed to identify such a system with required phonon mode characteristics. A generalization of the present work to four wave parametric interactions (for example Hamiltonians which are quadratic in b ′ s i ) would also be interesting.
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